ABSTRACT. A particularly nice canonical subspace of H*(BO) is defined. The bordism class of a map f:X-*Y, where X and Y are compact, closed manifolds, can be determined by the characteristic numbers corresponding to elements of this subspace, and these numbers can be easily calculated.
Introduction.
By the work of Thom [16] , the unoriented bordism class of a manifold is specified by its characteristic numbers. Brown and Peterson [2] later introduced a right action of the Steenrod algebra 21 on the Z2 cohomology H*(BO;Z2). (In this paper all cohomology will be with coefficients in Z2.) In these terms, Thorn's results may be formulated as follows: for all i and all y E H*(X), where {x^, f and g are as above.
In this paper a particularly nice canonical subspace S of H*(BO) is defined, with the following properties:
1. S is a sub-Hopf algebra of H*(BO);
2. The elements of S span H*(BO) under the right action of 21, and so any basis {xi} of S as a vector space over Z2 may be used as the basis in Theorems 1.1 and
1.2;
3. S is closed under the standard (left) action of 21 on H*(BO); 4. If £ is any characteristic class in S, and E is an n-dimensional bundle whose structure group reduces to the braid group, then t(E) = 0; 5. More generally, for E as in (4) and F any bundle, t(E © F) = t(F); 6 . S contains the polynomial algebra generated by the squares (wi) 2; 7. S itself is a polynomial algebra.
By the work of F. Cohen [5] there is a natural isomorphism e: 9^r(A) In terms of the basis {x^} of S we derive in §5 an explicit and especially simple calculation of the class in 91^r(A) <gi 91, (pt) associated with any map F: M -► A in 91*(A).
S is defined in terms of braid bundles. The map B(Broo) -► BO is studied in §2 and the results of F. Cohen [5] about H*(B{Broc)) are recalled. In §3 we define the sub-Hopf algebra S C H*(BO) and study its relation to H*(BO) in §4.
In §5 the promised explicit formula for a class in 91* (A) (resp. 01* (A)) as an element of Jf,(X) ® 91,(pt) (resp. H*(X)®W(pt)) is derived.
In §6 as an application we analyze the fixed point manifold of a parameter family of maps F: M x A -> A. This is based on the explicit formula we will derive for the diagonal bordism class [A: Af -> Af x Af ], where Af is a compact smooth manifold of dimension n. Thus we will refine to bordism the homological analysis of the diagonal A in Hn(M x Af) which is the basis of the standard Lefschetz fixed point theorem.
In §7 the low dimensional generators for S are given. This paper elaborates on material in my thesis, A generalization in cobordism of the Lefschetz fixed point theorem, Polytechnic Institute of New York, 1984.
The author would like to acknowledge with gratitude the advice and encouragement of Edward Y. Miller, of the Polytechnic Institute of New York.
Braid groups and the map H*(BO) -> H*(B(Broo)). The braid group
Br" is the fundamental group of the space of embeddings of the unordered set {1,2, ...,n} <-► D2, the unit disk in R2. An element can be represented as a homotopy class of "strands" beginning and ending at a fixed set of n points Pi,P2,-..,Pn E D2. (For a complete discussion of the braid group, see K. Reidemeister, [14] .) The "twisting" of the strands defines an element of £", the permutation group on n objects. If we represent the elements of Sn as permutation matrices, En is a subgroup of 0(n), the orthogonal group. The composition is a homomorphism, «'("): Brn -> 0(n).
By adding strands (mapping Brn -► Br"+fc) one defines Br^ = limBrn; similarly, by enlarging the defining matrices, we can define O = limO(n), and obtain natural homomorphisms: Consequently, passing to the limit, the maps i^ define maps of the classifying spaces B(Brn) -» BO(n) (see Milnor and StashefT, [12] ). Since the above diagram commutes, we have Hopf algebra structures on if*(.B(Broo)) and H*(BO) with induced Hopf algebra map i* : H*(BO) -> H*(B(Bt<x>)).
Given a bundle n: E -> A, Brown and Peterson [2] have defined a right action of the Steenrod algebra 21 via x ■ a = tp~l(x(a) ■ <p(x)) for x E H*(X), where tp is the Thom isomorphism tp: H*(X) -> H*(T(E)) and T(E) is the Thom space of E.
Passing to the limit, one obtains right actions of 21 on H*(BO) and f7*(B(Br00)). The map i* commutes with this right action. F. Cohen [5] has proved this fundamental result:
THEOREM 2.1. The homomorphism 9: 21 -> r7*(B(Broo)), defined by 9(a) = 1 ■ a, is an isomorphism. [7] . Note 2. In this regard, the work of Mahowald is illuminating [8, 9] (see also Priddy, [13] ). Mahowald shows that for the canonical map /: fi2^3 -► BO, the Thom PROOF. The corresponding fact about 21 is proved in Milnor [10] . Note. A more direct way of seeing the above result is to note that //.(^(Broo)) is a primitively generated Hopf algebra with algebra generators concentrated in dimension 2X -1. Thus, the primitives in /f*(JB(Br00)) are given by one copy of Z2 in every dimension of the form 2% -1. PROOF. By definition, t E S C H*(BO) iff (t,p*(r ® s)) = 0 for all r E H,(B(Br00)) and s E H*(BO). That is, iff (p*(t), r ® s) = 0 for all such r, s. Since generally, ®*(t) = t ® 1 + £ t' ® t" + 1 ® t with dim(t'), dim(t") > 0, this can only be so if p*(t) = 1 ®t. □ An immediate consequence of Proposition 3.2 is that t(E ffi F) = t(F) for any characteristic class t E S and E a braid bundle. The following result shows that certain characteristic numbers of some special maps can be easily calculated. In §4 we will show that these characteristic numbers completely determine the cobordism class of any map, and in §5 we will use the knowledge of the cobordism classes of these special maps to derive a formula for the cobordism class of any map. 
= t(T.(W)) ® g*(x) + Y, U(T.(W)) ® g*(x) ■ ^(T.(A)). Thus, ((gop2)*(x)-t(T.(WxN)),[WxN]) = (t(T.(W)),[W))-(g*(x),[N]) + £>(T*(W)), [W]) ■ (g'(x) ■ t3(T.(N)), [A/]).
But by Proposition 3.5, the right-hand terms are all zero if dim(a;) < n, and in that case so is the middle term. If dim(x) = n, since dim(tj) > 0, the only nonzero term is the middle term, and that proves the proposition. □ Similarly, we prove 
PROOF. As in the proof of Proposition 3.5, (h*(x) ■ t(u(N -» A)), \N\) = 0 if dim(x) < dim(A). Now u(W x N -» A) = v(N -r X) ffi v(W).
The above proof can now be repeated. □
The relation between S and H*(BO)
. In this section we will show that a basis for S as a vector space over Z2 is also a basis for H* (BO) as a right 2l-module. Recall that if tt: £ -► BO(n) is the universal 0(n) bundle, and u^ the Thom class of f", then, for x E H*(BO) and a E 21, x ■ a is defined by the relation Thus, by Proposition 3.2, S(5,5) is in S. Now, S(5) and S(g), being primitive elements in S are generators of S. There are no polynomial relations between (it»i)2, (102)2, (wz)2 and (W4)2, all of which are also in S. Finally, using a formula of Brown and Peterson [3] for dsu/dan, we can show that S(5|5) is indecomposable, and is therefore a generator of S.
We now assert that {(u>i)2, (w2)2,s/5), (w^)2, (w4)2,S(9),S(5:5)} is a complete list of polynomial generators through dimension 10.
Since H*(BO) is a polynomial algebra with generators Wi, the Poincare polynomial Pt(H*(BO)) = FJ" 1/(1 ~~ *")• Now since 21* is a polynomial algebra in dimensions = 2l -1 (Milnor, [10] Consequently, S has exactly one polynomial generator in each dimension ^ 2* -1, so the above list is complete.
